Abstract. Blood is essentially composed of red blood cells, white blood cells and platelets suspended in a fluid (blood plasma). If it can be considered as a homogeneous fluid when circulating in vessels of large diameter, this approximation is no longer valid when it reaches vessels with diameter of an order of magnitude comparable to that of the cells it carries. In this case, the influence of the cells on the flow can no longer be homogenized. Therefore, the mechanical behavior of red blood cells (which account for 99% of the cells presenting in the blood), their interaction with the surrounding fluid or between themselves (by contact) must be taken into account. Numerical tool plays thus an essential role: it enables to validate the advanced physical models, to access to data difficult to obtain experimentally and to determine the dependence of the flow behavior on the parameters of the model. In this article, we propose a numerical method which allows to take into account these three essential aspects (mechanical behavior of red blood cells, fluid/structures interactions and structures/structures contact interactions). Our study is limited to the two-dimensional case which, although simplistic, allows us to reproduce a quite large range of experimental observations as shown in the numerical simulations obtained.
Introduction
If the blood could be considered as a homogeneous fluid in large domains, such an approximation is meaningless in small vessels of same characteristic scale than the cells it convects. Those are essentially (for 99% of the volume) Red Blood Cells (RBCs) plus some white blood cells and platelets. Almost half of the blood is composed of RBCs, thus they are playing a key role in the blood rheology. This role depends on the mechanical behavior of the RBCs, on the interactions between their membrane and the surrounding fluid, and possible interactions between the RBCs themselves. In this context, numerical simulations could be a useful tool as they enable to test different modelings, to perform "numerical" experiments maybe difficult to realize in "vitro" or in "vivo", to determine different physical parameters by comparing numerical and experimental results, to study the effects of a modification of those parameters, which are, in vivo, possible sources of diseases. This has stimulated an intense activity in recent years and a large range of numerical methods has been proposed, most of them in bi-dimensional context: Immersed Boundary [17] , Penality [16] , Lattice Boltzmann [20, 28] , Multiparticle collision Dynamics [21, 22] , Integral Method [15, 24, 25] , Level Set and phase field [3, 4, 8] , Finite Element conformal method [6] . In parallel, many experiments have been performed, enabling a better understanding of vesicles' dynamics and bringing to light different kinds of phenomenon: lift (vesicles tend to concentrate in the middle of the vessels, pushed by the hydrodynamic forces induced by the walls of the vessels [1, 5] ), various behavior of the vesicles in a shear flow (tumbling, tank-treading or vacillating breathing [13, 14, 18, 19] ), formation of rouleaux (aggregation of vesicles), parachute shape of the vesicles under Poiseuille flow [27] . Finally, several theoretical studies have focused on the analytical resolution of simplified versions of the equations governing vesicles dynamics in particular flows.
In this article, we present a numerical method in order to solve the fluid/structure system formed by the RBCs and the surrounding fluid in a bi-dimensional setting. The RBCs' membrane energy is assumed to be proportional to the square of its curvature and the surrounding fluid to be incompressible and Newtonian [7, 11] . A finite element method with conformal meshes for both the fluid and the membranes has been implemented with FreeFem++ 1 , a free finite element software [10] . Several problems have to be taken up. The first problem consists in taking correctly into account the fluid/structure coupling so to obtain a stable scheme. Due to the incompressibility of the membrane, the surface of the RBC remains constant in time. Moreover, as the fluid is incompressible and the membrane assumed to be impermeable, the volume of the vesicle remains constant as well [26] . Both of these constraints have to be verified with enough accuracy to obtain realistic simulations. Finally, a robust algorithm has to be able to deal with the eventual formation of contacts between RBCs or between RBCs and the vessels' walls. If both RBCs and the walls of the vessels are regular and a non slipping condition is assumed for the fluid at the boundary of its domain, hydrodynamic forces prevent any contact in finite time [12] . Nevertheless, it seems that adhesive intercellular interactions (not taken into account in the present article) competing with hydrodynamic forces could lead to contacts between cells. Anyway, contacts could always occur "numerically" because of the discretization of the problem and the important concentration of RBCs. In order to prevent overlapping of the RBCs, we add a new constraint so that the distance between two RBCs or between the RBCs and the walls remains great than a small threshold [23] .
Our article is organized in three parts. In Section 2, we present the modeling used in our simulation describing the RBC dynamics. Section 3 is devoted to the conformal method implemented, whereas Section 4 presents several numerical results obtained. Finally, in the last section, some conclusions are drawn and future possible work directions are given.
Modelling of red blood cells in a flow

Mechanical behavior of RBCs
The mechanical behavior of a RBC is driven by the nature of its membrane which is mainly made of a lipid bilayer. Lipid bilayers are self-assembled structures of phospholipids which are small molecules containing a negatively charged phosphate group (called the head) and two highly hydrophobic fatty acid chains (called the tails). In an aqueous environment, phospholipids spontaneously form a double layer whose configuration enables to isolate the tails of the phospholipids from the watery environment. Modifying the area of a such lipid bilayer is very energy costly as it will expose some of the tails to the environment. Thus, their surface (that is the perimeter in the 2d case as considered here) remains constant. If lipid bilayers set almost no resistance to shear stress, they do resist to bending. A widely use model is to consider that lipid bilayer could be endowed with an elastic energy, known as the Helfrich functional (sometimes named after Willmore in other contexts)
where Σ is the surface occupied by the lipid bilayer, ϕ is the deformation of the RBC, ds the surface measure, H the mean curvature of the layer and k the bending elastic modulus. Note that beside the lipid bilayer, RBC are also composed of a protein skeleton. This skeleton ensures a small resistance of the RBCs to shear stress. The total energy of a RBC is given by
where Σ 0 is the reference configuration of the membrane and W the membrane stored-energy function. Moreover the membrane stored-energy W (∇ϕ) only depends on the metric tensor ∇ϕ T ∇ϕ. In a two-dimensonal framework, the local inextensibility condition implies the metric tensor to be equal to the identity. It follows that J RBC = J (up to a constant). The situation is quite different in a three-dimensional setting, where the local conservation of the area of the membrane does not imply that the metric tensor of the deformation is reduced to the identity. As we work in a two-dimensinal setting, the distinction between RBCs and vesicles, whose internal energies are respecticely given by (1) and (2) is irrelevant.
Surrounding Fluid
We assume that the RBCs are surrounded by an incompressible Newtonian fluid characterized by its density ρ and its viscosity µ. We use Navier-Stokes equation, and, if the inertia of the fluid can be neglected, Stokes equation instead. 
Variational formulation
where ρ is the density of the fluid and e(u) = (∇u + ∇ T u)/2 is the strain rate. Boundary conditions have to be added to close the system. The reference configuration Σ 0 of the membrane of the RBCs is a union of loops diffeomorphic to the unit circle S 1 and Σ = ϕ(Σ 0 ). The classical Navier-Stokes equation (3) is supplemented with two additional terms due to the action of the membrane on the fluid. As the inertia of the membranes of the RBCs is neglected, the forces they exert on the fluid are equal to their internal stress and have two components. One of them follows directly from the bending energy J, while the other is due to the membrane incompressibility. The incompressibility constraint of the membrane is imposed through the introduction of the Lagrange multiplier p inext which we call the "inextensional pressure" as it plays a similar role like the pressure p ensuring the incompressibility of the fluid. The incompressibility of the membrane and of the fluid are respectively imposed through equations (4) and (5), while equation (6) simply expresses that the velocity of the membrane is equal to the velocity of the fluid.
To be more precise, the local inextensibility condition follows both from equations (4) and (6) . Deriving (6) with respect to the s ∈ Σ 0 , we obtain that
As the unitary tangential vector to the surface of the RBC reads as
and from the equation (4), we obtain ∂ϕ ∂s · 
Numerical Scheme
Time discretization
We use a finite difference method for the time discretization. Let ∆t be the time step and u n , ϕ n , p n and p n inext be the approximations of u, ϕ, p and p inext at time t n = n∆t. Our scheme consists in solving the following sequence of problems: Find u n+1 , ϕ n+1 , p n+1 and p n+1 inext such that for all test functions v, q and q inext :
Space discretization
The deformation of the RBCs is discretized using P 1-Lagrange finite elements over a mesh S 0 h of Σ 0 independent of the time t n . Accordingly, the inextensional pressure p inext is discretized with P 0-Lagrange finite elements over the same mesh. We denote by V h and W h the set of P 1 and P 0-Lagrange finite elements over
On the other hand, we use a conformal mesh to compute the velocity and pressure at each time t n . More precisely, for each iteration n > 0, we introduce the mesh
. The velocity and pressure at time n + 1 are computed on a regular triangular mesh T n h such that S n h is a submesh of T n h , that is, each edge of S n h is an edge of T n h . A P 1-bubble/P1 formulation is used, e.g. P 1-bubble for the velocity u and P 1 finite elements for the pressure p. We denote by P n h and U n h the set of P 1 and P 1-bubble Lagrange finite elements over T n h , that is
for all triangles K and v h| e = 0 for all edges e of T n h }.
Approximation of the membrane energy
As the membrane of the RBCs are assumed to be inextensible, the Helfrich functional (1) takes a particular simple form. Indeed, we have
Unfortunately, this energy is never finite for elements of the space discretization chosen for the deformation (that is P 1 Lagrange finite elements). In order to overcome this problem, we approximate the functional J by
where (x i ) spans the set of vertices of the mesh S 0 h of Σ 0 . The infimum of (8) is achieved for P 3 Lagrange finite elements Φ h called the spline cubic associated to ϕ. We set
for all edges e of S 0 h }, and we have
where
The solution of the minimization problem (8) belongs to the set of spline cubic Hermite finite elements of S 0 h . Unfortunately, the finite elements software used in this article is retricted to Lagrange finite elements. We circumvent this limitation by reformulating this minimization problem as in (9) over the Lagrange finite space R h . The additional constraint b n (Φ h , q τ ) = 0 added ensure the admissible solutions Φ h to belong to H 2 (Σ 0 ). In order to solve an approximation of (7) we thus introduce Φ h ∈ R h as a new variable in our system. Moreover, two Lagrange multipliers are also introduced: p τ to ensure that Φ h belongs to the space H 2 and p c to ensure the condition Φ h (x i ) = ϕ h (x i ). Both multipliers are P 1 finite elements with values in R 2 . The equation (7) rewritten using this discrete setting has the following form: 
A basic Algorithm
The numerical algorithm we propose is the following one. 
Contacts
The previous algorithm fails to take correctly into account possible contacts between the vesicles themselves or between the vesicles and the boundaries of the domain. It is known that rigid bodies could not get into contact in finite time in 2d [12] . This suggests that is also impossible for deformable vesicles. Whatever the answer is, collisions always occur numerically. In order to prevent any mesh generation failure, we have to ensure that at each iteration the vesicles do not intersect themselves or the boundary of the domain. To this end, we perform an additional projection step of the deformation ϕ n+1 on the set of deformations without (self-)intersection that does not cross the boundary of the domain. More precisely, instead of step (3) we compute the deformation ϕ n+1 ∈ A h,ε such that
where 
The set of admissible deformations is defined as
A h,ε = {ϕ h ∈ V h such that dist(ϕ, ∂Ω) ≥ ε and dist(ϕ h (a), ϕ h (b)) ≥ ε for all edges a and b of S h , a ∩ b = ∅}, ε > 0 being a small security distance. The admissible set A h,ε being not convex, problem (15) is not trivial. The minimizer of d(·, ϕ n+1 ) is computed using an internal approximation method introduced in [23] (see also [2] for a three dimensional application to aortic valves). It consists in solving a sequence of convex problems defined by
with ϕ n+1 0 = ϕ n , where T (·) is an application that maps all elements ψ of A h,ε to a convex neighborhood T (ψ) of A h,ε (see [23] for more details). For any ψ ∈ A h,ε , T (ψ) is defined by 
), e 0 and e 1 being the extremities of the edge e and n e,x (ψ) the unitary vector defined by min xe∈e n e,x (ψ) · (ψ(x e ) − ψ(x)) = dist(ψ(e), ψ(x)).
The dependence of the functions F 0 e,x and F 1 e,x with respect to ψ in the definition of T (ψ) is implicit and does not appear in the notations used.
Volume and Surface conservation
Even for relatively short time simulations, the algorithm introduced in the previous section failed to correctly preserve both volume and perimeter of the blood cells. Indeed, it only preserves them up to an order one. To prevent large deviations of the volume or perimeter from their initial values, we modify the projection step over the set of deformations without intersection by adding the appropriate constraints to the minimization problem (15) . Thus, at each iteration, the deformation ϕ n+1 is computed solving
where V ad h is the set of P 1 inextensional deformations with prescribed volume
where I is the set of vesicles, Vol i (ϕ) is the volume of the i-th vesicle and e (ϕ) = |ϕ(e)| is the length of the deformed edge ϕ(e). The volume and inextensibility constraints added in the minimization problem (16) are both not convex. To solve this problem, we use an iterative scheme, linearizing both constraints at each step. Thus, ϕ n+1 is computed using the following algorithm.
where (1) Initialization of the initial velocity u 0 of the fluid and deformation ϕ 0 of the vesicles, set n = 0; (2) Computation of the velocity u n+1 and deformations (before projection step) ϕ n+1 at time (n + 1)∆t solution of (10-14) 2 ; (3) Projection step, computation of the deformation ϕ n+1 at time 
Numerical Applications
A typical human RBC, or erythrocyte is normally 8 − 10 µm in diameter and 2 µm in thickness. The RBCs' membrane has a bending elastic modulus of k = 1.8 × 10
−12 dyn-cm [9] . The RBCs are suspended in a fluid called blood plasma which is mostly composed of water (92% by volume). In the following simulations, we use the viscosity of water µ out = 1 mPa·s as that of the exterior surrounding fluid. Figure 1 illustrates a single RBC of 8 µm in diameter in the equilibrium state (without any external hydrodynamic forces). As shown on the figure, a conformal mesh is used during the computation. The reduced volume has been chosen so that the equilibrium shape of the vesicle agrees with the observations [7] . 
Case of a single RBC without external hydrodynamic forces
In a shear flow
In a shear flow, vesicles and RBCs show several dynamics depending on different parameters, such as the capillary number, the ratio between external and internal viscosity and confinement [13, 14, 18] . At least three different dynamics have been exhibited: tumbling, tank-treading and vacillating breathing. Figure 2 displays at different time steps the deformation of a RBC in a tank-treading motion. After a relaxation time, the shape of the RBC remains constant and the flow become stationary. Nevertheless, the deformation of the RBC is not constant as it rotates onto itself. An element of the membrane of the RBC has been marked with a small black disk, which enables us to visualize its motion. In the stationary state, the RBC forms a small constant angle with the vessel axis. When the ratio between the internal and external viscosities µ in /µ out increases, the dynamics of the RBC change to a tumbling motion (see Figure 3) . The vesicle rotates periodically around its center. Note that, the rotation velocity is not constant. Close to the vertical position, the RBC is slightly deformed by the strong torque exerted by the flow and its rotation velocity reaches a maximum. This tumbling motion is combined with a tank-treading like dynamics when it approaches the horizontal state. 
Dynamics through capillary vessels
The high deformability of RBCs enables them to go through vessels smaller than their diameter. To this end, they adopt a parachute shape as shown on Figure 5 illustrates the initial configuration of four RBCs in a small vessel under a Poiseuille flow. They seem to get stuck when arriving the bifurcation where contacts between themselves and with the wall of the vessel are observed (Figure 6a) . After a while, this state is overcome: the RBCs continue to go through the two vessel branches although contacts are still occurring (Figure 6b, 6c, 6d) . Finally, each couple of RBCs has chosen a branch to pass along (Figure 6e, 6f) . Due to the management of the contacts between the RBCs, the time of the computation is significatively increased for this simulation compared with the other cases presented here. The overall computation time is 4477 seconds of CPU time on a quad core 3GHz PC compared to 139s for the simulation of the tumbling motion of a single RBC displayed on Figure ? ?. 
In a bifurcate vessel
Conclusion
We have presented in this paper a method to simulate the motion of RBCs in the plasma flow in a bidimensional setting. Our algorithm enables to treat contacts between the RBCs themselves or contacts between the RBC and the walls. Moreover it preserves both the volume and the perimeter of the RBCs. Intersections between the RBCs' membrane or between the RBCs and the vessels' walls are forbidden by the introduction of an additional constraint that enforces a minimal distance between them. Several complex dynamics have been reproduced with our algorithm -tank-treading motion, tumbling motion and parachute shape -in good agreement with experimental observations. In the future, we intend to improve our algorithm so to be able to treat the case of a large number of vesicles in the same simulation. In the present version, the contact algorithm is quite time consuming for large numbers of vesicles (the number of constraints scales likes the square of the number of vesicles). The number of constraints taken into account could easly been reduced, as distant vesicles at a given time will not contact each other at the next time step. Nevertheless, it remains to be implemented. Furthermore, the three-dimensional case is still challenging, and is of major interest as it will allow to perform qualitative comparaison of the numerical results with experimental data (and not only qualitative comparaison). 
